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Firms have access to vast amounts of data on consumers, which allows them to strategically vary prices across consumers, i.e. price discriminate. To study the effects of this
data on consumer welfare, I develop a Bertrand duopoly model where each consumer’s
valuation for each firm’s good is uncertain. Instead of imposing that firms have access
to specific data, I allow for general information structures; firms may vary in the quality
and form of their data. Fixing the available data, due to the discontinuities in Bertrand
competition, the unique equilibrium is only supported through price dispersion. I directly construct the unique equilibrium by harnessing features of each firm’s residual demand curve. In equilibrium, each firm randomizes her price and generates a unit-elastic
residual demand for the other firm. I then vary the available data and compare the welfare consequences. In the baseline model, contrary to common concerns regarding price
discrimination derived from the monopoly case, under competition, completely public
consumer data (perfect price discrimination) is optimal for consumers.
JEL-Classification: D11, D43, D82, D83, L13
Keywords: Bertrand competition, price dispersion, market segmentation

Technological change has given both consumers and firms access to information that was
previously unimaginable. Consumers can access more data about firms and their products through online reviews. firms can access more data about consumers through deeper
market research and tracking data on previous purchases, web searches, or social media
posts. That consumer data is vital to a firm’s ability to price discriminate.
At the same time, technological change has allowed firms to differentiate products.
Identical goods from the supply side (same marginal cost) are not identical from the demand side (different marginal valuation). Gone are the days of one-size-fits-all goods
(Neiman and Vavra 2019) To me, most beer tastes the exact same and is substitutable. To
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others, that claim is preposterous. But all beer companies need to pick prices with both
types of consumers in mind. Crucially though, the degree of substitutability, and thus
competition, depends on the market make-up and what firms know about consumers.
This paper asks, first, how do firms compete in a market where people differ in the degree of substitutability? Second, how does firm access to data on consumers affect how
they compete? Finally, when does access to consumer data come back to help or hurt
consumers?
To be more specific about the model, I study a stylized model where a continuum
of consumers can buy a single good from one of two firms. The two firms compete à
la Bertrand. However, contrary to a textbook Bertrand model with identical goods—
as in Mas-Colell, Winston, and Green (1995, 388) or Tirole (1988, 310)—the consumer
may have a different valuation for the goods from the two firms. A firm faces a tradeoff between raising the price when the consumer prefers its good and lowering price to
compete whenever the consumer prefers the other firm’s good. Therefore, I extend a
standard model of price discrimination to allow for general, varied access to consumer
data by firms.
The paper first considers a simple model to capture the trade-off facing firms where
the consumer may be one of three types: one type loyal to each firm for whom the firms’
goods are not substitutes and each firm would be a monopolist if they knew the loyal
consumers and a third type for whom the firms’ goods are perfect substitutes. That setup
captures the fundamental trade-off. Each firm wants to raise prices on the consumers
loyal to them since they are monopolists. However, for the consumers that are not loyal,
the force of Bertrand competition pushes the price down.
In this environment, learning serves two purposes. First, as in the standard monopoly
case, learning about customers and being able to use price discrimination allows firms
to charge a high price to their loyal consumers and extract more surplus. This hurts
consumers. At the same time, a firm can learn which customers they can lure away from
the other firm. They learn when it is worth competition on price. In that case, consumer
data encourages more intense competition and drives down the price. The model sets up
a horse race between the two forces.
My first contribution is methodological. Constructing equilibria is not obvious in this
environment. In general, to balance this trade-off, the unique equilibrium involves each
firm randomizing over prices. Due to the discontinuity inherent in Bertrand competition,
the randomization allows each firm to avoid losing the consumer by only a small amount
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on price. This leads to price dispersion in equilibrium.
To construct the unique equilibrium, I use simple observations about the residual demand curve facing each firm and what each firm can guarantee itself by only pricing
for loyal consumers.1 The unique equilibrium on the game involves both firms choosing
their price to generate a unit-elastic demand curve for the other firm, making the firms
indifferent over a range.
I then ask in a stylized model, given the equilibrium behavior under competition,
when is access to consumer data helpful or harmful to consumers and producers? Without competition, the welfare implications of consumer data are clear; information that
allows price discrimination weakly raises total profit. This is simply a manifestation of
Blackwell (1951, 1953) that information is always valuable for single receiver.2 Unless
output increases, price discrimination lowers consumer surplus.
To study the role of information, I fix underlying valuations, i.e. demand curve in
the aggregate market. I then vary the consumer data available to each firm, allowing
price discrimination. However, I allow for the case where firms do not have the same
information. Therefore, higher-order beliefs matter, e.g. Target doesn’t know my exact
address, but Target knows that Amazon knows... These beliefs affect equilibrium prices.
Finally, given the competitive pricing of the two firms, what is the consumer-optimal
form of consumer data? Even in the simple example, the solution to this trade-off is
not obvious. However, I show that, contrary to the monopoly case, giving firms complete information is consumer optimal, even in an efficient environment where trade always occurs. The increase in consumer surplus does not come from any risk-aversion
or increased consumption, as in models where price discrimination increases consumer
surplus by increasing trade. Even environments where production does not increase, consumer surplus is maximized under complete information, because the firms to compete
more fiercely and charge a lower price when the consumer learns the goods are substitutes for him. The gain from fierce Bertrand competition when the firm’s goods are perfect
substitutes outweighs the loss when the consumer learns she only values one good and
thus that firm can raise its price.
1. The construction of the demand curve is similar to Albrecht (2018)’s analysis of Roesler and Szentes
(2017).
2. See Bergemann, Brooks, and Morris (2015) for the general information case of a monopolist.
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Price Discrimination Literature

This paper contributes to the literature on the relationship between price discrimination
and competition is a standard issue in industrial organization–in classic form in Pigou
(1920) and Robinson (1933), and in modern form in Borenstein (1985) and Holmes (1989)
(See Stole (2007) for a summary).3 One particular branch of the price discrimination literature shows the optimality of constant-elasticity demand curves, which also show up in
my model. This shows up in more standard monopoly models, such as Aguirre (2008),
Aguirre and Cowan (2015), Roesler and Szentes (2017), and Condorelli and Szentes (2019).
Unit-elastic demand also shows up in non-Bayesian monopoly models, such as Neeman
2003; Bergemann and Schlag 2008; Renou and Schlag 2010. These models involve some
form of a maximin utility function or minimax regret, which relates to the outcome of my
model where one firm can only achieve his maximin revenue and the rest is competed
away by the other firm.
The constant-elasticity implies that there can be multiple prices where marginal revenue equals marginal cost. In my model, this leads to price dispersion. Contrary to the
classic price discrimination papers of Stigler (1961) and Burdett and Judd (1983), in my
model, price dispersion comes from each firm setting a random price, such as in Varian
(1980). However, the market power that generates the distribution is due to the goods
being imperfect substitutes, and thus having some brand loyalty as in Rosenthal (1980),
compared to search frictions.
However, since each firm is randomizing over the set of prices, what Menzio and
Trachter (2015) aptly call a "game of cat-and-mouse", the equilibrium prices are not only
the lowest, consumer-optimal price found in Roesler and Szentes (2017), but a range of
prices that the firm is indifferent between.
Also, this paper contributes to the literature on information design. In particular, I
consider the range of possible outcomes that could arise for some information structure,
as in Bergemann, Brooks, and Morris (2015). In particular, I am interested in the information structures that are consumer-optimal, as in Roesler and Szentes (2017). However,
contrary to both papers, I introduce competition explicitly into the model. Competition is
between the receivers of information, making it more like the literature on robust mech3. This literature has always included a large empirical component. For a recent example, Chandra
and Lederman (2018) show that in the Canadian airline market price discrimination raises prices for some
passengers and lowers prices for others. This is consistent with my main result, although in my model the
average price is lower.
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anism design (Bergemann and Morris 2013), and not between the senders, which is the
topic of much of the literature on information design and competition (Boleslavsky and
Cotton 2015, 2016; Gentzkow and Kamenica 2016; Li and Norman 2018; Au and Kawai
2020). As in Bergemann, Brooks, and Morris (2015), the consumer-optimal outcome involves extremal markets, where the firms are indifferent among all prices in the support
of valuations.
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Three Type Model

Throughout there are two firms with differentiated goods that cost 0 to produce. For now,
we consider a model with three types of consumers with a total measure of one. First,
some consumers are loyal to firm 1 and only buy from firm 1. Second, other consumers
are loyal to firm 2. Third, the remaining consumers are indifferent and buy from whoever
has the cheapest price.4 Each consumer has unit demand at p = 1 from the firm(s) that
she is willing to buy from. A consumer’s type is a pair of valuations (willingness to
pay) v = (v1 , v2 ) ∈ {(1, 0), (0, 1), (1, 1)} = V. The firms start with a common prior on
the market: (m10 , m01 , m11 ). In general, we will be interested "interior" markets when no
element is zero and all types exist in the economy with positive measure.
A market for a firm i is the collection of consumers that a firm cannot differentiate and
must set the same price for. Mathematically, a market is defined as a distribution of the
types of consumers. Graphically, with three-types, a market is a point
on 
the unit simplex.

1 1 7
For all illustrations, I will consider a starting, aggregate market: 4 , 6 , 12 . The aggregate
market with no price discrimination is represented by the orange circle in Figure 1.
If both firms have complete data on consumers and know each consumer’s type, the
firms can segment consumers into three different markets and set a different price for
the three consumers. A different price for each type is perfect price discrimination. For
the example, complete information means that for each firm there is one market (1, 0, 0)
with measure 14 , another market (0, 1, 0) with measure 61 , and a final market (0, 0, 1) with
7
measure 12
. These three markets are represented by the blue diamonds in Figure 1.
No price discrimination and perfect price discrimination are extreme cases. There are
other types of markets. Consider a situation where each firm receives a signal that with
4. While I model consumers as having different preferences over sellers’ goods, the baseline model could
be interpreted as one where consumers differ in whether or not they are "aware" of 1 or 2 firms (Guthmann
2019a, 2019b; Guthmann and Albrecht 2020), or "consider" (Armstrong and Vickers 2020), or are "connected"
in a network (Talamàs 2019) or are "captive" (Armstrong and Vickers 2019; Elliott and Galeotti 2019).
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Figure 1: Feasible Markets
probability q correctly reveals a consumer’s type and with probability (1 − q) the signal
comes from a random consumer. This nests the two previous cases with q = 1 being a
perfect signal and q = 0 being an uninformative signal. For any intermediate q, upon
seeing a signal that says "this consumer is an indifferent type" the firm properly updates
and puts more weight that the consumer being indifferent. With this set of three possible
signals, there are three markets: one corresponding to each signal. On the simplex, each
feasible market corresponds to a convex combination of the aggregate market and the
perfectly discriminated markets. The three markets are plotted by the green triangles in
Figure 1.
Formally, the firms’ access to consumer data, also called their information structure, is
a set of signals for each firm Si , and a probability distribution which maps the profile of
the consumer’s values to the profile of signals: π : V → ∆(S). The utility functions and
the information structure (S, π ) are the parameters for a game of incomplete information.
We will define the rest of the game after fixing (S, π ).
Each firm i observes a signal si ∈ Si . A pure strategy for firm i is a price for each signal
|S |
{ pi }si ∈ R+ i . The discontinuity of payoffs requires that we work with mixed prices for
each firm, sometimes called price dispersion. A mixed strategy, Fi ( p|si ), is the probability
that pi ≤ p given receiving a signal si . Let f i ( p|si ) be the density associated with Fi , when
it is defined.
For a given (S, π ), a strategy profile is a Bayes Nash equilibrium (BNE) if f i ( pi |si ) is
6

not defined (i.e. pi is played with positive probability) or f i ( pi |si ) > 0 implies
pi ∈ arg max
pi0

pi0 E[vi = 1, v j = 0|si ] + pi0 E
{z
}
|
|



Loyal Customers



1 − Fj ( pi ) , vi = 1, v j = 1|si ,
{z
}
Indifferent Customers

given Fj ( p), for all si , s j , i, j. Because we are interested in the effect of information on
equilibria, we will be doing comparative statics with respect to the information structure.
Also, we will want to ask if there exists any information structure that generates an equilibrium outcome. For that, the following definition is helpful: a strategy profile is a Bayes
correlated equilibrium (BCE) if it is a BNE for some information structure (Bergemann
and Morris 2016). When looking for the highest possible consumer surplus, the problem
requires searching over the set of Bayes correlated equilibria.

2.1

Solving for Equilibrium, Public Consumer Data

Before looking at the set of possible information structures, it is helpful to characterize
the equilibrium for particular information structures. First, we will consider public information where both firms have the same data on consumers. The easiest case is complete
information, where firms receive a signal that is perfectly reveals the consumers type:
s1 = s2 = v. If the consumer will not buy from the competitor, vi = 0, firm j sets the
monopoly price of 1. If the consumer values both goods, v1 = v2 = 1, because of Bertrand
competitive, the price of driven to 0. Combined, the expected price is m10 + m01 . If we
plot the distribution of prices the expected price is the area above price distribution.
The equilibrium for the aggregate market, with no additional consumer data and
therefore no price discrimination, is more complicated to solve for but has a known solution (Narasimhan 1988).5 Lemma 1 characterizes the equilibrium.
Lemma 1. Let m10 ≥ m01 . The unique BNE profit is m10 for firm 1 and
firm 2. The unique strategies are given by


0




p(m11 + m01 ) − pm01
F1∗ ( p) = 1 −

pm11




1

m10
m10 +m11 (1 −

m10 ) for

p<p
h

p ∈ p, 1
p≥1

5. Thanks to Mark Armstrong for this reference and making me aware of the related work of Armstrong
and Vickers (2019).
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Figure 2: Equilibrium Price Distribution

F2∗ ( p)

=



0

m10 (1 − p)

1 −
pm11

p<p
h
i
p ∈ p, 1 ,

Proof. Despite the result appearing before in Narasimhan (1988), I present a new proof
here for completeness and because the proof technique is used in the extensions. First,
let us plot the proposed equilibrium distribution of prices in Figure 2. Conditional on
v1 = 1, firm 1 assigns probability m10m+10m11 to being the monopolist. Regardless of what
firm 2 does, firm 1 will never set a price below p = m10m+10m11 . Therefore, neither will firm
2.
The rest of the construction relies on simple observations of each firm’s best-response
when facing a residual demand curve. Translating demand curves into game-theoretic
terms, best-responding by each seller means choosing a price and quantity subject to the
constraint that the pair is on her demand curve.6 To find the best-response, plot firm 1’s
indifference curves, which are just the iso-revenue curves, since the cost is zero.7 This
is also the worst-case (maximin) profit for firm 1 since he could never do worse than if
p2 = 0.
To show this strategy is an equilibrium, in orange in Figure 3b, I plot firm 1’s residual
6. The best-response could also be found by constructing the marginal revenue (MR) curve. However,
because MR is discontinuous, the optimal expected quantity is the maximum quantity such that MR > MC
= 0, instead of the standard MR=MC condition used for continuous functions.
7. I thank Kevin M. Murphy for pointing out the benefits of plotting indifference curves in Marshallian,
quantity-price coordinates.
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1
p
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(a) Firm 1

m01 + m11 1
(b) Firm 2

Figure 3: Equilibrium Residual Demand
demand, given F2∗ ( p), D ( Q1 ). Notice that to the right of m10 , where the residual demand
comes from the indifferent buyer, the curve is simply one minus the F2∗ ( p) of firm 2’s
randomized price. The only complication is when a specific price is set with positive
probability, which will be addressed shortly. Firm 1’s problem is to maximize profits,
subject to its residual demand curve. Because the marginal cost is zero, the isoprofit
curves are simply given by π = p1 Q1 .
Because of the shape of the residual demand curve, firm 1 is indifferent between any
price between m10m+10m11 and 1. Therefore, firm 1 would be optimally mixing with any price
in that range. For any mixing, the highest profit is simply given by m10 .
We do the same thing for firm 2 in Figure 3b. Again, firm 1 has picked a strategy.
However, this time, since firm 1 set p = 1, the top of firm 2’s residual demand extends
out beyond just it’s loyal consumers with measure m01 , and firm 2 can still receive some
consumers when p1 = 1.
Therefore, we have shown that each strategy is the best-response to the other strategy
and constructed an equilibrium. Uniqueness is immediate as well.

Due to the discontinuity of payoffs in Bertrand competition, if p 6= 1, every equilibrium involves a distribution of prices. For either firm to be indifferent, p × Q = constant.
The distribution of prices is, therefore, proportional to − 1p . The only exception is that
there could be a possible mass point at p = 1. This distribution will show up in any
equilibrium.
9

2.2

Construction of Mixed Strategy Equilibrium

This subsection constructs the equilibrium price distribution of Lemma 1, as compared
to just verifying that the given strategy is an equilibrium. This is worthwhile because
the construction can be applied to a wide range of markets. Translating demand curves
into game-theoretic terms, best-responding by each seller means choosing a price and
quantity subject to the constraint that the pair is on her demand curve. As a first guess of
the equilibrium strategies, let us first find firm 1’s maximin strategy; suppose that p2 = 0.
The best-response price is one and the expected quantity that firm 1 sells is m10 .8
However, setting a price of zero is not optimal for firm 2. Now I ask, what is the
highest (pure strategy) price that firm 2 can charge without changing firm 1’s behavior?
That case is a better-reply, even if it is not a best-reply. Increasing the price of firm 2
increases firm 1’s demand curve over the range (m10 , m10 + m11 ) (selling to the indifferent
types), by p2 . By plotting firm 1’s iso-profit curve, we can see that firm 2’s price can be
increased to m10m+10m11 without inducing firm 1 to change. While this is not going to be an
equilibrium, it will allow us to bound prices. First, it shows that it is never a best-response
for firm 2 to set a price lower than p. She can raise her price to p while one is still bestresponding with her price of one. It also creates a lower bound for firm 1’s price. Even if
firm 1 sold every time the buyer was not loyal to the firm 2, Q1 = m10 + m11 , she would
still make less profit for any price below p than if she just set a price of one. Therefore,
both sellers will never drop their price below p in any equilibrium.
Firm 2 can still do better by randomizing between p and one. This is like setting a
non-linear price and induces a residual demand curve for firm 1 that is no longer flat in
the middle.9 The demand curve varies with the cumulative distribution of firm 2’s randomized strategy. Again, the demand curve for firm 1 is the price set by firm 2, but now
in a probabilistic sense. The residual demand curve for the indifferent buyer is simply
one minus the CDF of firm 2’s randomized price.
The only complication is a specific price is set with positive probability. Better-replying
by firm 2 with randomization means increasing firm 1’s demand curve for all prices between p and one such that firm 1 is still indifferent. Figure 4c shows the demand curve
where firm 1 is indifferent between a range of prices, which is generated by a particu8. The best-response could also be found by constructing the marginal revenue (MR) curve. However,
because MR is discontinuous, the optimal expected quantity is the maximum quantity such that MR > MC
= 0, instead of the standard MR=MC condition used for continuous functions.
9. Using the indifference curve to trace out the optimal policy resembles one construction of the optimal
income tax rate in an optimal income tax model, like Mirrlees (1971).
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Figure 4: Firm 1’s Residual Demand and Indifference Curves
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Figure 5: Firm 2’s Residual Demand and Indifference Curves
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lar pricing strategy. This pricing strategy is also firm 2’s equilibrium pricing strategy, as
explained in Lemma 1.10
However, even with all of this mixing, neither can achieve more in equilibrium than
winning their respective market with p. The randomization protects against undercutting
by the other seller but in equilibrium does not generate any additional profit, resembling
the normal Bertrand force that drives profits to zero.11
This process of finding the mixed strategy is standard. We search for the strategy of
firm 1 that makes firm 2 indifferent (willing to mix) and vice versa. But we are looking for
a mixed strategy over a continuum, so it is not immediately easy to visually. That is where
the residual demand and iso-profit curves come in. The demand curves immediately
allow the economist to picture a continuous variable easily.

2.3

Consumer and Firm Optimal Public Data

It is worth pointing out a corollary of the above proposition: no matter the distribution of
types, complete data on consumers is always better than no data on consumers.
Corollary 1. 1) Consumer surplus under perfect price discrimination is weakly higher than consumer surplus under no price discrimination. 2) Total profits under perfect price discrimination
are weakly lower than total profits under no price discrimination. 3) The relationships are strict if
m10 6= m01 .
Notice that we have already done the work to solve the general model of public information. The fact that this is the "aggregate" market is not important. The equilibrium
price distributions will be the same if the market was the result of some consumer data
signals. Therefore, we can immediately plot the consumer surplus for any market in the
simplex, as shown in Figure 6a, or the expected price as shown in Figure 6b
In addition, we can search for the buyer optimal (lowest expected price) and seller optimal (highest expected price) information structures. Proposition 1 proves that complete
information is consumer optimal.
10. If the parties are symmetric (m01 = m10 ), each seller receives her loyal customers and we are back
to perfect competition, where each person receives her marginal product (Ostroy 1984), as is standard for
symmetric Bertrand competition.
11. This also resembles matching pennies or the information design model in Albrecht (2017), where there
is political competition with discontinuities and randomization prevents the other party from winning.
However, randomization does little to the odds of winning in equilibrium. Both matching pennies and political competition are zero-sum games. With this is technically not zero-sum, it shares some characteristics.
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(a) Consumer Surplus

(b) Total Profit
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Proposition 1. With only public data, consumer surplus is maximized under perfect price discrimination.
Proof. Bayes’ Law only restricts the ex-post distributions of types to sum to the prior.
Therefore, we can maximize/minimize over all feasible distributions (markets) by examining the "concavification" (Kamenica and Gentzkow 2011) of the value function of
interest: consumer surplus.
The profit minimizing, and therefore consumer surplus maximizing, is given by the
concave envelope on the function. Because the total profit is convex on each half of the
simplex, the concave envelope touches the convex function at extreme point, with one of
the split markets being just indifferent consumers, (0, 0, 0) and one of the markets being
the combination of loyal customers ( m10m+10m01 , m10m+01m01 , 0). The splitting is given by the
blue line and circles. However, because firm 1 can ignore firm 2’s loyal customers, that
market can be further split according to the green line and squares, so that the effective
profit-maximizing markets are complete information: (1, 0, 0), (0, 1, 0), (0, 0, 1).
Therefore, we have shown that complete information is optimal for consumers.

The total profit-maximizing data structure can similarly be found by concavification.
First, let us follow Armstrong and Vickers (2019, 2020), and define a nested market as a
market where one firm’s potential customers are a subset of the other firm’s. On the
simplex, the set of nested markets are the two edges: ( x, 0, 1 − x ) and (0, y, 1 − y). We
then have the following proposition:
Proposition 2. With only public data, total profits are maximized with nested markets.
Proof. The proof is immediate from concavification and shown by Figure 6b as the blue
line and circles.

Everything so far has involved public data on consumers. The next section extends
the model to allow for private information by each firm.

3

Private Consumer Data

Most models of market competition assume firms have public information, as above.
However, increases in data collection make this assumption less tenable. I am a different
person according to Amazon vs. Target. Amazon knows that I am a South Minneapolis
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male who buys too many economics books. Target only knows that I am a person shopping in Minneapolis on Tuesday. Still, the firms’ pricing strategies will be intertwined and
part of an equilibrium; Target still needs to consider Amazon’s pricing.
To understand this type of asymmetric consumer data, let us consider a simple case
where firm 1 has complete information and firm 2 has only aggregate information. Again,
each market for a firm is a point on the simplex. However, now higher-order beliefs
matter. There is no longer an objective "market", just overlapping markets. Firm 2 knows
that firm 1 knows the true type. Firm 2 only needs to consider competition from firm 1
when the true type is indifferent. For pricing, firm 2’s relevant market is made of its loyal
consumers and indifferent. The markets are plotted in Figure 6.

Figure 6: Overlapping Markets
Given the profit functions characterized in Lemma 1, it is easy to show that, relative
to no consumer data, when firm i has access to consumer data that allows perfect price
discrimination, firm i’s profit strictly increases, firm j’s profit strictly decreases, total profit
can either increase or decrease. However, if the firms are symmetric (m10 = m01 ), then
profits increase and consumer surplus decreases.
Proposition 3. For any symmetric interior market, perfect price discrimination by only one firm
strictly decreases consumer surplus relative to no price discrimination.
Comparing Proposition 3 to Corollary 1 highlights the interplay of competition and
information. The powers of competition to drive down consumer prices are harnessed
16

when both firms have access to information. When only one firm has access, the firm
uses that information for rent-extraction as in the monopoly case.
But that is still a very simple information structure. In general, overlapping markets
can be much more complex and involve correlated information, where the signal that
firm i receives is correlated with the signal that firm j receives. The following proposition
shows that the worst case for consumers is imperfectly correlated data, which effectively
allows the firms to collude and avoid Bertrand competition.
Proposition 4. Imperfectly correlated data can strictly increase prices relative to any public information structure.
Proof. Imagine an information designer12 who reveals consumer data to the firms and
recommends an incentive-compatible price. The designer commits the following information for the indifferent consumers, only partially revealing the indifferent consumers.
Signal to Firm 2

Signal to Firm 1

Reveal
Reveal 1 − α1 − α2
Do Not
α2

Do Not
α1
0

For now, fix α1 ≥ α2 and assume that the designer recommends p = 1 when a firm
sees no signal and recommends a corresponding mixed distribution when it is revealed
the customer is indifferent. We will construct an equilibrium that increases profit relative
to any public signal.
Consider the case when firm 1 receives a signal and therefore knows the consumer
is indifferent. Even though firm 1 knows the consumer is indifferent, prices will not be
driven to zero because firm 1 does not know whether firm 2 knows that the consumer
is indifferent. With probability α1 , firm 2 did not receive a signal and will, therefore,
follow the designer’s recommend strategy and set a price of 1. Otherwise, firm 2 will
price according to a distribution over [ p, 1]. How high can the information designer raise
firm 2’s while still keeping firm 1’s behavior incentive compatible? Just as Figure 3a, firm
2 can price according to a distribution that makes firm 1 indifferent between setting any
price between firm 2’s lowest price p and 1.
12. I stick to the term information designer to highlight the similarities to questions in the information
design literature (Bergemann and Morris 2019), but this could also be thought of as mediator, as is used in
other models of collusion, e.g. Rahman and Obara (2010) and Rahman (2014).
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Figure 7: Residual Demand after Signal
We can do the same thing for when firm 2 receives a signal. However, because firm 1
is only willing to reduce the price to p, firm 2 never needs to price any lower. This means
that Firm 2 can receive a higher profit than his maximin. This is shown in Figure 7b and
mirrors the public information case shown in Figure 5b.
Now that we have calculated p and the best-response when each firm receives a signal,
we only need to verify that setting a price of 1 is a best-response when each firm does not
receive a signal. First, consider the case of firm 1 when he sees no signal. That could be
because the consumer is loyal to firm 1 (which happens with probability m10 ) or because
the information simply was not revealed (which happens with probability α2 m11 ). The
residual demand when the firm does not receive a signal is graphed in Figure 8. This exact
distribution depends on the parameter α2 . We have therefore constructed the strategies
so that it is a best-response for firm 1 to keep a price of 1 and firm 2 is also maximizing
his profit. The same argument goes through for when firm 2 receives a signal.
To review, fixing α, when the firms receive a signal, they must want to set a distribution
of prices. The relevant ICs (from Figure 7) are
α1
and
1 − α2
α2
p≥
,
1 − α1
p≥

(1)
(2)

where at least the first constraint is binding.
When the firm receives no signal, setting a price of 1 must be a best-response. In
principle, we need to worry about deviating to any other price, but for simplicity let us
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1
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m10 m10 + α2 m11

D ( Q2 )

Q
m01

1

(a) Firm 1

m01 + α1 m11

Q
1

(b) Firm 2

Figure 8: Residual Demand after No Signal
drop the interior prices, knowing the distribution can be constructed to make sure those
are satisfied. The two incentive constraints (seen from Figure 8) are therefore
m10 ≥ p (m10 + α2 m11 )

and

(3)

m01 ≥ p (m01 + α1 m11 ) ,

(4)

where at least the first constraint is binding.
Therefore, we have solved for the equilibrium as functions of α1 and α2 . Now we can
simply add the profit from each signal to find the total expected profit/price:
Expected Price =

α1
α1
α1 +
(1 − α1 ) + m10 +
(m01 + α1 m11 )
|{z}
|{z}
1 − α2
1 − α2
{z
}
{z
}
|
|
Figure 7a
Figure 8a
Figure 7b

Figure 8b

To maximize prices, the information designer’s problem is to choose α to maximize profits, subject to the incentive constraints.

With all of these different types of consumer data consider, we can plot the distribution of equilibrium prices for the six cases in Figure 9. The expected price and profit is
the area above the distribution. Therefore, consumer surplus is the area under the distribution. The vector ofsurplusfor each case is plotted in Figure 10. Again, these are for an
7
aggregate market of 14 , 61 , 12
.
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Figure 9: Price Distribution

Figure 10: Surplus Division
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4

Conclusion

This paper studies a version of Bertrand competition where firms may have access to
more detailed consumer data. In equilibrium, each firm chooses a strategy which is a
distribution of strategies that induces a unit-elastic residual demand curve for the other
firm. This makes each firm indifferent over a range of prices and ensures an equilibrium,
given some uncertainty.
I then analyze the welfare consequences of the consumer and duopolists having additional information about the consumer’s tastes. With additional information, the firms
can use that information to set different pricing strategies, i.e. use third-degree price discrimination. I solve for the consumer-optimal information structure: completely revealing data. While firms can use data to raise its price above marginal cost and thus exploit
their market power through price discrimination when the consumer prefers one good,
complete information unleashes the power of competition when firms must ruthlessly
compete on price. Competition works best in full light.
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